In scenarios that stabilize the electroweak scale, the top quark is typically accompanied by partner particles. In this work, we demonstrate how extended stabilizing symmetries can yield scalar or fermionic top partners that transform as ordinary color triplets but carry exotic electric charges. We refer to these scenarios as "hypertwisted" since they involve modifications to hypercharge in the top sector. As proofs of principle, we construct two hypertwisted scenarios: a supersymmetric construction with spin-0 top partners, and a composite Higgs construction with spin-1/2 top partners. In both cases, the top partners are still phenomenologically compatible with the mass range motivated by weak-scale naturalness. The phenomenology of hypertwisted scenarios is diverse, since the lifetimes and decay modes of the top partners are model dependent. The novel coupling structure opens up search channels that do not typically arise in top-partner scenarios, such as pair production of top-plus-jet resonances. Furthermore, hypertwisted top partners are typically sufficiently long lived to form "top-partnerium" bound states that decay predominantly via annihilation, motivating searches for rare narrow resonances with diboson decay
I. INTRODUCTION
The discovery of the Higgs boson [1, 2] not only cemented the structure of the standard model (SM), but it also reemphasized the importance of symmetries (and symmetry breaking) for fundamental physics. As the Large Hadron Collider (LHC) continues to search for new phenomena, symmetries remain a useful guide for predicting possible extensions to the SM. Of particular interest are symmetries-either exact or approximate-that relate SM particles to possible new partner states, since those symmetries could help stabilize the Higgs mass against quantum corrections and thereby resolve the hierarchy problem. Since the top quark is responsible for the greatest sensitivity of the Higgs mass to physics at the cutoff through its Yukawa coupling, top partners are a ubiquitous prediction of beyond-the-SM scenarios and a key target for LHC searches.
In typical frameworks that address the hierarchy problem, including supersymmetry (SUSY) [3] and Higgs compositeness [4] [5] [6] [7] [8] [9] , the top partners often have the same color and electric charge as the top quark. This occurs because the symmetry that stabilizes the Higgs potential commutes with the SU(3) C × U(1) EM subgroup of the SM. There are more exotic scenarios, however, where the charges of the top quark and top partner can differ, leading to unique LHC signatures. For example, the top partners can be neutral under SU(3) C , yet still inherit the top quark's coupling to the Higgs boson due to a discrete or continuous symmetry. These colorless top partners appear in models like twin Higgs [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , quirky little Higgs [28] , and folded SUSY [29, 30] , and they could even play the role of dark matter [31] or right-handed neutrinos [32] .
In this paper, we explore the possibility of colorful twisted top partners, where the new states are still SU(3) C triplets but carry exotic electric charges. Such scenarios arise when the symmetry that stabilizes the electroweak scale is extended to include an exact or approximate Z 2 symmetry that does not commute with U(1) EM . We refer to these scenarios as "hypertwisted" since the underlying mechanism involves modifying hypercharges in the top sector. We provide example hypertwisted constructions both for spin-0 top partners arising from SUSY and for spin-1/2 top partners arising from Higgs compositeness.
By itself, the presence of top-like states with exotic electric charges is not so surprising, since the top partner could simply be part of a larger top multiplet with extended electroweak quantum numbers. For example, composite Higgs scenarios often feature a color-triplet fermion with charge 5/3 (see e.g. [33] ). The key difference here is that the exotic state is a true top partner, in the sense that its radiative contribution to the Higgs potential cancels against the top quark, at least at one loop.
Exotic electric charges can lead to an accidental approximate Z 2 symmetry, since charge conservation may prohibit any renormalizable couplings to the SM. Colorful twisted top partners can therefore lead to rich phenomenology, since their decays to SM particles via higher-dimension operators will be model dependent. They can be long-lived if they are the lightest new state carrying the accidental Z 2 , or they can be elusive due to decays to hadronic and/or multibody final states. In addition, a potentially crucial signal for hypertwisted scenarios is "partnerium" production. Since a pair of top partners carries no charge under the possible Z 2 symmetry, top-partnerium bound states typically annihilate to pairs of gauge or Higgs bosons. LHC diboson resonance searches therefore provide an important probe of such scenarios, particularly if the electric charge of the top partner is large, making the diphoton branching fraction sizable. These bound states are the analogs of stoponium from SUSY, whose LHC signals (which appear much less generically than in the models we explore here) have been studied in Refs. [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] .
As a historical note, the development of the SM already highlights a case where a partner particle required by naturalness was first discovered via partnerium. In 1970, Glashow, Iliopoulos, and Maiani proposed that the up quark should have a generation-like partner-the charm quarkwhich was required to control the rate of strangeness-violating processes at the quantum level [45] .
The charm mass was predicted to be below 5 GeV [46] , but it was hard to observe in open channels due to a complicated set of off-shell-mediated final states (see e.g. [47] ). Instead, the charmonium J/ψ state was observed in 1974 at BNL [48] and SLAC [49] , which fit well with the perturbative QCD postdiction [50] . One can envision a similar development for hypertwisted top partners, where top-partnerium could be discovered prior to open top-partner production at the LHC.
For the case of spin-0 top partners, our construction is related to SUSY in slow motion [51] , where the top partner and top quark share the same gauge quantum numbers, but are not directly part of the same N = 1 multiplet due to folded SUSY [29] . Here, we both fold and hypertwist SUSY (to be distinguished from the twist in Ref. [30] ) to give the top partner an arbitrary electric charge. For the case of spin-1/2 top partners, we explore hypertwisted composite Higgs models.
Analogous to the dark top scenario [31] , we introduce an enlarged global symmetry for the top multiplet and then use symmetry-violating mass terms to project out ordinary top partner states and retain only twisted states at low energies.
The remainder of this paper is organized as follows. In Sec. II, we highlight the key ingredients for colorful twisted top partners and sketch the main phenomenological implications. We then present two example constructions: a SUSY scenario in Sec. III and a composite Higgs scenario in Sec. IV. We explore several possibilities for top-partner decays and the accompanying top partnerium signals in Sec. V, and conclude in Sec. VI. Additional details are provided in the appendices.
II. COLORFUL TWISTED NATURALNESS
Let us briefly recap some key features of models that stabilise the electroweak scale using global symmetries. At the level of one-loop Feynman diagrams, it is straightforward to determine the minimal structure needed to control radiative corrections to the Higgs potential from the large top Yukawa coupling. The SM top Yukawa coupling, taken to be real for simplicity, is
where q (t c ) is the top electroweak doublet (singlet) and H is the Higgs. Eq. (1) leads to the famous quadratically divergent top-loop diagram in Fig. 1a . For the case of spin-0 top partners, one has complex scalars,Q 3 andŨ c 3 , that get a contribution to their mass from electroweak symmetry breaking. For example, the interactions
generate canceling diagrams shown in Fig. 1b . For the case of spin-1/2 top partners, T and T c , one has vector-like fermions whose mass, m T , and Higgs coupling are correlated through a new scale f = m T /λ t . For example, in the limit f v, the terms
are sufficient to achieve the canceling diagram in Fig. 1c . In both cases, each top partner state has to be a triplet, either of SU(3) C or of a new global or gauged SU(3), in order to match the multiplicity of top states in the SM loop. More general cancellation structures have been recently explored in Ref. [18] . At the two-loop level, diagrams with internal gauge bosons appear, so unless the top partners have the right gauge quantum numbers, there will be two-loop quadratic divergences. From the perspective of a low-energy effective theory with cutoff Λ, though, these two-loop effects are subdominant and could be addressed in the corresponding ultraviolet (UV) completion. Therefore, the top partners need not carry color, as explored in the folded-SUSY/twin-Higgs literature [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [29] [30] [31] [32] . Here, we focus on colorful top partners but exploit the freedom to hypertwist their electric charges away from +2/3.
An immediate consequence of these colorful twisted top partners is the presence of Z 2 symmetries, which could be exact or approximate. One Z 2 symmetry, which we denote as Z λ 2 , is needed to ensure that the exact same λ t coupling in Eq.
(1) appears also in Eq. (2) or (3), otherwise the divergent pieces of the diagrams in Fig. 1 would not cancel. In general, this Z λ 2 could be a subgroup of a larger symmetry. We show proofs-of-concept that such Z λ 2 symmetries are possible in the hypertwisted constructions in Secs. III and IV, where the field content of the SM is effectively doubled and then folded to project out unwanted states.
Another Z 2 symmetry, which we denote as Z T 2 , is more model dependent. The interactions required for naturalness, in Eqs. (2) and (3), respect a symmetry under which the top partners are odd. (The terms in these equations are actually invariant under a full U(1)-partner symmetry, with the SM fields being neutral.) This Z T 2 symmetry becomes an approximate symmetry of the whole theory (including the SM) if the charges of the partners are exotic enough to forbid lowdimension operators that would violate it. Consequently, exotic top partner charges often lead to partner longevity or even stability. Note that for ordinary untwisted spin-1/2 top partners, this Z T 2 symmetry is not necessarily present, and in some cases the T c state would mix with the SM t c ; if one wants to suppress this mixing, an additional symmetry like T -parity [52] [53] [54] is required.
For hypertwisted spin-1/2 top partners with modified electric charges, though, T c /t c mixing is forbidden, leading to the approximate Z T 2 -symmetric structure. An interesting exception is when the hypertwisted top partner has the same quantum numbers as the bottom quark, in which case there is no Z T 2 symmetry since T c /b c mixing is allowed. To simplify the discussion, we will not pursue that possibility in the present work, though we note that the resulting phenomenology is expected to be similar to the "Beautiful Mirrors" model [55] .
Since stable colored particles are excluded up to high masses (e.g. 1.2 TeV for a color-triplet scalar with charge 2/3 [56, 57] ), a light top partner must be able to decay. However, if there is an exact Z T 2 symmetry, then the lightest Z T 2 -odd particle could be color-neutral (e.g. a hypertwisted lepton, gauge boson, or Higgs boson partner). Let us refer to this as the LZP. Some high-scale interaction at the cutoff Λ could mediate the decay of the top partner to the LZP, for example through an off-shell massive gauge boson (as in the case of charm decay). If the LZP is electrically neutral, it could be a dark matter candidate, and the top partner electric charge is then fixed by the specific decay mode of the top partner to the LZP. In this dark matter case, top partner decays would face bounds from standard SUSY searches.
Alternatively, this Z T 2 might only be approximate, in which case the top partner could be the LZP and decay to SM particles. The electric charge of the top partner is then constrained by the availability of decay modes, which in turn restricts the electric charge of the top partner to be an integer difference from 2/3. In the case of a scalar top partner, the decay can be to two quarks and/or leptons, similar to R-parity-violating (RPV) stop decays in SUSY [58] . For fermionic top partners, two-body dipole transitions or three-body decays are both possible. For decays that involve final-state leptons or neutrinos, there are rather stringent bounds from the LHC; light top partners are only possible assuming mostly hadronic decays. If the Z T 2 is only broken by Λ-suppressed interactions, then twisted top partner LZPs are expected to be considerably longer-lived than ordinary top partners. In this way, top partners could exhibit displaced decays, a feature also present in SUSY-in-slow-motion scenarios [51] .
Regardless of whether the Z T 2 symmetry is exact or approximate, a potential important prediction of hypertwisted top partners is the presence of near-threshold QCD bound states of top partner pairs. Unlike in ordinary untwisted cases, where the constituent decays typically dominate over bound-state annihilation (similar to the SM toponium) or even prevent bound-state formation altogether (if the decay rate is larger than the binding energy), the suppressed decay rate of the twisted top partners (due to the approximate Z T 2 ) preserves the bound-state annihilation signals. In cases where the top partners have elusive decays, partnerium annihilation could be the dominant signal of colorful twisted naturalness, as discussed further in Sec. V.
III. SPIN-0 EXAMPLE: HYPERFOLDED SUSY
In this section, we present an explicit model using the techniques of folded SUSY [29, 30] to establish a theory of scalar colored top partners which carry an arbitrary electric charge. This setup uses an exact exchange symmetry to robustly enforce the Z λ 2 required for the top partner to regulate the one-loop Higgs potential. We call this "hyperfolded SUSY", since hypercharge, rather than color, participates in the folded SUSY construction. 1 We refer to states with ordinary quantum numbers as SM states, while those with exotic quantum numbers as hyperfolded states.
We first consider the structure in the UV: a SUSY theory in 5D. The gauge and matter multiplets live in the bulk with N = 1 SUSY in 5D. From the 4D perspective, the matter fields live in N = 2 hypermultiplets with vector-like field content, which can be written as pairs of N = 1 chiral multiplets. At the compactification scale, SUSY is broken via the Scherk-Schwarz mechanism [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] . The extra dimension y is compactified to S 1 /Z 2 , with fixed points at y = 0 and y = πR, and SUSY breaking arises due to boundary conditions at these fixed points. While the structure of the theory can be understood in terms of R and orbifold symmetries, we find it more pragmatic to simply discuss the boundary conditions on individual component fields. 2 Let us consider the quark superfields first. The discussion follows Ref. [51] . The N = 2 quark hypermultiplet contains two Weyl fermions ψ Q , ψ c Q and two complex scalars Q, Q c . There are two different ways to organize these fields into 4D N = 1 chiral multiplets, either by pairing Q = (ψ Q , Q) (and similarly for the conjugate fields), or by pairing Q = (ψ Q , Q c * ). On the orbifold boundaries we can choose to constrain the fields with boundary conditions. As in folded SUSY, we conserve the first kind of N = 1 SUSY at y = 0 and the second kind of N = 1 SUSY at y = πR, via the component-field boundary conditions
where we have selected to have propagating (+) or constrained (−) component fields at the boundaries (0, πR). This leaves only the fermion ψ Q zero mode as a propagating field at low energies. In this way, the boundary conditions have removed the zero modes of three out of four fields contained within the N = 2 quark hypermultiplet.
Analogous to folded SUSY, our construction contains a hyperfolded copy of the quark superfields with modified hypercharge. We indicate the hyperfolded sector fields with an F subscript. We impose the boundary conditions
which leaves only the scalar Q F zero mode at low energies. For the gauge hypermultiplets, which contain the adjoint vector A a µ , two Weyl fermions λ a , λ a c , and one complex scalar σ a , we impose the boundary conditions
to leave only the gauge fields at low energies. To summarize, for each boundary in isolation there is a full N = 1 SUSY, but this SUSY is not the same at each boundary, having been flipped amongst the hypermultiplet members. This leaves only one field out of each hypermultiplet at low energies.
We must also decide where to put the Higgs multiplets. As we will see, the equality of the Yukawa couplings will be enforced by an exchange symmetry Z F between the SM and hyperfolded sectors, Q ↔ Q F . Thus, the Higgs multiplets must live at an orbifold point in which the boundary conditions respect Z F . By comparing Eq. (4) and Eq. (5) we see that the only such point is y = 0, thus we place the full Higgs chiral multiplets and Yukawa couplings at y = 0. A schematic illustration of this construction is given in Fig. 2 . 3 The complete matter content and gauge representations of the model are given in Table I using N = 1 language. The key new ingredient is a new gauge group U(1) Y F which participates in the Q ↔ Q F exchange symmetry and allows us to achieve the hyperfolded charge assigments. The U(1) Y F gauge charges are proportional to a linear combination of hypercharge and U(1) B−L , and right-handed neutrinos N c have been added, such that the low energy field content is anomaly free. More specifically, we have set
where the coefficient of the first term has to be 1 for the Yukawa interactions to preserve both U(1) Y and U(1) Y F , while the coefficient of the second term is a free parameter, which we have written in terms of the resulting electric charge q of the hyperfolded stops. To avoid exactly stable top partners (or, more generally, stable charged particles if the top partner is not the lightest new state), q − 2/3 must be taken to be an integer, which is an additional model-building assumption.
The relevant Yukawa terms in the superpotential at y = 0 are given by
As in Ref. [51] , one may additionally have the usual µ term in the Higgs sector and also add NMSSM-like Higgs singlet couplings to raise the Higgs mass and generate the appropriate B µ terms.
The equality of the original and hyperfolded superfield couplings to the Higgs boson is enforced by the Z F exchange symmetry described in Table I and illustrated in Fig. 2 . The only states remaining below the compactification scale are the known SM fermions (with the neutrinos being Dirac), the gauge fields, the hyperfolded scalars, and the Higgs bosons and higgsinos. Most importantly for naturalness, the largest couplings between the Higgs and matter fields are given
which is precisely of the form in Eq. (2), demonstrating that the third-generation hyperfolded stop and sbottom squarks, which may be light, play the role of the top and bottom partners. The ellipsis denotes additional terms less relevant for naturalness.
We must also consider the hyperfolded U(1) Y F gauge symmetry which was introduced to complete the Q ↔ Q F exchange symmetry. Clearly the associated gauge boson, B F , would have been observed if it were light, thus we must somehow remove it from the spectrum. If one simply removed this gauge symmetry by hand, the exchange symmetry would be broken and the equality of couplings in Eq. (8), at least at the compactification scale, would become questionable. This is not an insignificant point, because hypercharge contributions to supersymmetric wavefunction renormalization would in general lead to different values of couplings in Eq. (8) . 4 To justify the equality of the couplings, we instead break the U(1) Y F gauge symmetry via the Higgs mechanism, introducing new superfields X F , X c F (and untwisted partners X, X c ). We assume the SUSY-breaking soft terms for the scalar components of X F and X c F are such that U(1) Y F is spontaneously broken and B F is sufficiently heavy to avoid limits on Z resonances from the LHC. As the analogous X and X c fields do not have a tachyonic soft mass (otherwise they would break hypercharge), this setup breaks the exchange symmetry, but only softly, thus it does not damage the radiative stability of the theory. The hypercharged fermions in X, X c can have vector-like masses from a µ term, thus they may be at or well above the weak scale. Note that B F can be given a few-TeV mass without affecting the naturalness of the model, since the Higgs mass sensitivity to m B F scales as
This contribution is comparable in size to the standard Bino contribution in the MSSM, which results in a mild contribution to the Higgs mass tuning, see e.g. [70] . Moreover, this effect is subdominant to the fact that, as in Refs. [29, 51] , the gauge boson loop contributions in our model do not get canceled until the scale 1/R, which can be ∼ 10 TeV, while B F can be lighter without contradicting current LHC bounds.
The charge q X was intentionally left as a free parameter, to allow a variety of decay scenarios for the hyperfolded top partners. After U(1) Y F breaking, the only remaining gauge symmetries are the SM gauge symmetries. This means that if we wish for a hyperfolded scalar to decay via a particular operator O F that respects the SM gauge symmetries but carries non-zero U(1) Y F charge, we may use the operator X F O F with appropriate choice of q X , which will typically be non-renormalizable. This addition is not central to the model, but is rather a module by which we can study the general phenomenology of hyperfolded scenarios more fully.
Before considering specific phenomenological features, it is worthwhile to consider the broad features of this class of models. Let us begin with the hyperfolded squark sector, in particular, its flavor structure. The simplest structure is obtained when the first two generations also live in the bulk and have the same boundary conditions as the third generation. In this flavor-blind case, the only source of explicit flavor breaking is coming from the Yukawa couplings, hence this setup belongs to the minimal-flavor-violating class of models [71, 72] . As for the spectrum, the hyperfolded squarks, being part of incomplete chiral multiplets, receive finite contributions to their masses [29] : universal contributions from the gauge interactions, and non-universal ones from the Yukawa interactions. Consequently, the hyperfolded stop masses are of order of 0.1/R [29] , and about 20% heavier than the first two generation squarks [30, 51] .
Another notable relevant feature of hyperfolded SUSY is the absence of gauginos in the lowenergy spectrum. While naturalness arguments would require usual Majorana gluinos to show up at a few TeV, such a requirement does not arise in our setup. As the full theory becomes N = 2 SUSY at the compactification scale, many of the desirable features of Dirac gauginos arise (see e.g. [73, 74] ). In particular, naturalness only requires the first gluino Kaluza-Klein (KK) mode to be below roughly 5 TeV, corresponding to inverse compactification scale, 1/R ∼ 10 TeV [51] . The Dirac nature of the gluinos also implies that the squark production processes do not benefit from the valence-quark enhancement of the cross section, which leads to a weaker bound on their masses [74] [75] [76] . For example, six quark flavors decaying to dijet pairs could be as light as ∼ 800 GeV [77] , while more complicated mostly-hadronic decays would likely be undetected even for lower masses.
An alternative flavor structure is to choose boundary conditions for the first two generations such that only the visible sector quarks, and none of the first two generation fields in the hyperfolded sector, remain below the compactification scale. In this way, the only light colored scalars would be the hyperfolded stops and sbottoms, while all other colored scalars live at m ∼ 1/R. Due to the small Yukawas this would not impact the naturalness of the setup, yet it would remove the additional colored states beyond collider bounds. This setup, however, now consists of two a priori unrelated sources of flavor breaking, the boundary conditions and the Yukawa interactions.
Thus, in order not to generate overly large contributions to flavor-changing processes, a microscopic alignment mechanism is implicitly assumed to be active in such a case. This is not a severe problem, though, since it could be achieved in a UV theory that possesses some form of flavor symmetry.
Another potential worry for our setup is that higher-dimensional operators, which generically mix different flavors and are suppressed only by the cutoff of the 5D theory, may lead to too large contributions to Kaon mixing and CP violation. This is a standard issue for effective 5D theories with low cutoffs and, also in this case, flavor symmetries can lead to sufficient suppression and compatibility with constraints (see for instance [78] [79] [80] and references therein).
Because the Higgs multiplets live at y = 0, the higgsinos remain in the low energy spectrum, as also expected from naturalness. This is because, like in the MSSM, their mass is given by the µ term which enters the Higgs potential. That said, a light higgsino will not generically be involved in the hyperfolded squark decays. In ordinary folded SUSY, the higgsino does not couple the folded squarks to SM quarks, but rather to the folded quarks which do not have zero modes.
Similarly, in hyperfolded SUSY, the hyperfolded squarks can decay to the higgsino only through more complicated processes whose rate can easily be suppressed relative to direct decays to SM particles induced by higher-dimension operators, even when the couplings responsible for the latter are relatively small. For this reason, we neglect higgsinos in our later discussion of hyperfolded phenomenology in Sec. V.
IV. SPIN-1/2 EXAMPLE: HYPERTWISTED COMPOSITE HIGGS
In this section, we sketch an example of a hypertwisted composite Higgs model, which demonstrates the possibility of having spin-1/2 top partners with arbitrary electric charges. This toy model is based on standard composite Higgs ideas but with an enlarged global symmetry group, leading to the general features described in Sec. II. It also shares some features with Little Higgs models (see e.g. [81, 82] for a review), but without collective symmetry breaking for the Higgs quartic coupling. To ensure the cancellation of the top loop by the partner loop, the global symmetry group contains a Z λ 2 symmetry that relates the top Yukawa in Eq. (1) to the di-Higgs coupling of the partner in Eq. (3) . Moreover, the model has a Z T 2 symmetry acting on the partner which, in combination with an accidental symmetry due to the partner's exotic charge, generically suppresses partner decays.
To simplify the presentation, the toy model below is based on the coset space SU(3)/SU(2). This coset space does not exhibit custodial protection, so it is likely in conflict with electroweak precision tests. In App. A, we present a hypertwisted version of the minimal custodial-protected composite model based on the coset space SO(5)/SO(4) [8] . One could also consider constructions based on the twin Higgs mechanism [10] , where instead of an enlarged global symmetry (e.g. SU(2) F in the construction below), the Z λ 2 symmetry is implemented directly on the top partners. Compared to Sec. III, we present fewer details on the possible UV completion and do not discuss the flavor structure at all, though we note that many of the challenges of constructing realistic UV embedding are shared with the composite Higgs literature (see e.g. [83] for a recent review). Moreover, we do not attempt to construct a realistic Higgs potential.
We begin with a global symmetry
where the F subscript is a reminder that the matrix
performs an analogous folding operation to the Q ↔ Q F exchange symmetry from Sec. III. 5 We then introduce a (linear) sigma field Φ that transforms under (SU(3) G , SU(2) F ) U(1) Z as:
When Φ obtains a vacuum expectation value (vev), the symmetry breaking pattern is
with SU(2) F unaffected.
Expanding around the vev, the Φ field takes the form
where π a are the Goldstone modes, T a G with a = 4, . . . , 8 are the broken SU(3) G generators, and f is the symmetry breaking scale. In the last step of Eq. (14), we have identified the SM Higgs as
5 To make the analogy more precise, one can lift SU(2)F to U(2)F and use the matrix 0 1 1 0 .
where v ≈ 246 GeV, and we expand in H/f to second order. The interactions below will respect the T 8 G generator, such that π 8 is an exact Goldstone mode that only has derivative couplings. Because π 8 can be decoupled from the spectrum either by introducing a soft mass or by gauging the T 8 G generator, we do not consider π 8 in our analysis below for simplicity. The SM electroweak gauge group, preserved by the vev of Φ, is identified with the following generators which are weakly gauged:
where y T is a free parameter that will become the hypercharge (and electric charge) of the top partner of interest. Similar to the hyperfolded SUSY case, one has to assume that y T − 2/3 is an integer to avoid stable top partners (or other stable charged states). Note that the hypercharge generator Y does not commute with the T 2 F generator in Eq. (11) . As in Sec. III, we must rely on the structure of the UV completion to ensure that the hypercharge contribution to wavefunction renormalization does not spoil the coupling structure in Eqs. (1) and (3). This occurs, for example, in holographic composite Higgs completions, where the SU(2) F corresponds to a bulk gauge symmetry broken to hypercharge via a brane-localized Higgs mechanism [84, 85] .
Focusing on the top sector, the relevant matter content is
where the third generation SM doublet is q ≡ (t, b) and there is an extra electroweak doublet q ≡ (q u , q d ). The top partner of interest is associated with T and T c , while t and q can be decoupled from the low-energy spectrum, as discussed below. The SM charges of the various fields in this model are summarized in Table II. The Yukawa interaction, which contains the SM top Yukawa, is
where in the limit f v, λ t is the SM top Yukawa coupling. To achieve a hypertwisted low-energy spectrum, we want to decouple the states denoted with primes, t and q . One possibility is through soft breaking terms of the global symmetry, giving the primed states vectorlike masses with new fields t c and q c , 
which matches to Eqs. (1) and (3).
Next, we discuss the masses of the various fermions and show that the Higgs potential is free of quadratic divergences from fermion loops. Combining Eqs. (18) and (19) , one can write the fermion mass terms as
where M 2/3 (M y T ) is the mass matrix of the Q EM = 2/3 (y T ) fermions, given by
where
The Coleman-Weinberg potential for the Higgs [86] can then be computed as
where M ≡ M ( ) is the combination of the mass matrices from Eq. (22) and Λ is the UV cutoff scale. As long as the trace of the fermion mass-squared matrix is independent of , the Higgs mass is free of quadratic divergences, at least at one loop. We find that (disregarding the color multiplicity)
In general, this spectrum results in logarithmic divergences in the Higgs potential, which are proportional to tr[(M † M ) 2 ]. Interestingly, the limit M t = M q has an enhanced pseudo-SU(3) G symmetry such that the one-loop Coleman-Weinberg potential is zero from the top sector. Of course, this pseudo-SU(3) G symmetry does not persist at the two-loop level since t and q have different electric charges.
In the above setup, the top partners arose from the complete multiplets presented in Eq. (17), and the primed fermions, q and t , were made heavy due to soft-breaking mass terms which paired them with vector-like partners. This type of soft breaking is well-motivated in the context of extradimensional scenarios, where the fermions live in a 5D bulk (potentially with warped geometry), see for example [28, [87] [88] [89] . If we assume SU(3) G -preserving Higgs and Yukawa interactions localized on one brane, then we must choose appropriate boundary conditions for the fermions on the other brane. In 4D language, a bulk fermion contains both left-and right-handed components, thus it is vector-like. With Dirichlet boundary conditions on the other brane, a specific chirality can be projected out of the theory, only to appear as a heavy state of mass m ∼ 1/R. Similarly, with
Neumann boundary conditions on the other brane, a chiral zero mode will persist. To achieve the mass terms in Eq. (19), we can therefore choose Dirichlet boundary conditions for both chiralities of the 5D fermions q d , q u , t , such that none of these modes survive as zero modes in the theory. To achieve the 4D chiral zero modes, we can choose Neumann boundary conditions for one chirality of b, t, T , and Dirichlet for the other chirality, furnishing the desired top sector and top partners to participate in Eq. (17) . As long as the fermions have Neumann boundary conditions on the SU(3) Gpreserving brane, violations of SU(3) G will be suppressed by the inter-brane separation [84, 85] .
Note that in these extra-dimensional constructions, there are KK top partners with the standard hypercharge assignment. While these KK modes have the expected couplings to regulate the top contribution to the Higgs potential, it is misleading to think of them as true top partners. Instead, their radiative corrections largely balance against those from the KK hypertwisted top partners, such that quadratic divergences in the Coleman-Weinberg potential cancel KK level by KK level.
The primary role of these top quark KK modes is to regulate the residual logarithmic divergences away from the M t = M q limit; their mass can therefore be significantly higher than the electroweak scale. That said, the KK scale cannot be much higher than 1/R ∼ 5-10 TeV, since this sets the mass of the KK gauge bosons, which do behave like partner particles to regulate the W /Z boson contributions to the Higgs potential.
As discussed in Sec. II, one can identify an approximate Z T 2 symmetry, under which all the particles with electric charge of y T are odd and the ones with charge of 2/3 and all the SM particles are even. 6 To ensure that the lightest Z T 2 -odd particle is not stable, we assume the presence of additional higher-dimensional interactions that mediate top-partner decays, as we now discuss in Sec. V below.
V. LHC SIGNATURES
Having set the stage for colored top partner states with exotic electric charges, we now discuss their collider phenomenology. We start our discussion by analyzing the resonant signals from annihilation of partneria, near-threshold QCD bound states of top partner pairs. As mentioned already, these signals are generically present in the hypertwisted scenarios due to the (approximate) Z T 2 symmetry. While the cross section for partnerium production is typically smaller than the cross section for continuum top partner pair production, the partnerium signatures are very clean (especially in the diphoton channel). Moreover, the signals are independent of the top partner decays, as long as the decay is not too fast.
We then turn to top partner pair production signatures. Because of the considerable freedom in the gauge quantum numbers of the top partners, as well as freedom in the masses and couplings of other particles that may be involved in top partner decays, there is an enormous range of phenomenological possibilities. Indeed, even within a single framework, such as the MSSM, where the top partner properties are fixed, there are diverse possibilities for top partner decays. For this reason, we do not attempt an exhaustive study of the different possibilities, but only present several model-dependent examples, focusing on cases which are different from standard scenarios 6 In the case where yT = −1/3, this Z T 2 symmetry may be spoiled by mixing between the top partner and down-type quarks. The expected size of this mixing term depends on how exactly the down-type singlet quark is embedding into an SU(2)F multiplet. and whose coverage by existing searches might be suboptimal.
A. Top partnerium
Possible LHC signals of QCD bound states of particles with exotic electric charges have been studied systematically in Ref. [90] , and more recently in Refs. [91] [92] [93] . Via gauge interactions alone, spin-0 S-wave bound states of such particles can be produced from gluon fusion and annihilate to gg, γγ, γZ, ZZ, and W + W − (if the particles are charged under SU(2) L ).
Importantly, the studies in Refs. [90] [91] [92] [93] assumed the particle couplings to the Higgs to be negligible relative to their couplings to gluons. For top partners, though, this assumption is not satisfied since y t ∼ g s . As discussed below, the couplings of top partners to the Higgs may lead to large annihilation rates to pairs of W /Z/Higgs bosons, and correspondingly reduced branching fractions to other (e.g. diphoton) final states.
In the hyperfolded SUSY model of Sec. III, the partners are color-triplet scalars with an arbitrary electric charge. The partner of interest could be either the right-handed stop, U c 3F , or the upper or lower component of the left-handed doublet, Q 3F . The partner's coupling to the Higgs, from the third term in Eq. (9), 7 can produce large partial annihilation widths to W W , ZZ, and hh. In the case of U c 3F , all the three modes will be important, while in the case of Q 3F the stop will have large rates to ZZ and hh, and the sbottom to W W . For some ranges of parameters, annihilation to tt is sizable as well. The expressions are similar to those obtained for the MSSM stoponium (see e.g. the appendix of [36] ). 8 As analyzed in App. B, the enhancement in binding due to Higgs exchange is negligible. On the other hand, the reduction in the diphoton branching fraction from the W W , ZZ, hh, and tt decay channels has to be taken into account when interpreting limits.
In Fig. 3 , we show the predicted signal cross section and current ATLAS [95] [96] [97] [98] [99] and CMS [100] [101] [102] [103] limits for the case of an SU(2) L singlet with several choices for the electric charge. We use the leading-order MSTW2008 parton distribution functions [104] and, based on the results 7 There is also a contribution from D terms, which shifts the coupling as
for the singlet and doublet, respectively, where gY = 2mZ sin θW /v and we approximated the U(1)Y F gauge coupling by gY . For |Q| ≤ 5/3, the D terms shift λ 2 t by an amount between −22% (for a left-handed stop with Q = −4/3) and +26% (for a left-handed sbottom with Q = 5/3), where to maximize the effect we have assumed tan β 1. For definiteness, this is also the limit we will assume in our plots. 8 For the Higgs self coupling, which is present in one of the diagrams contributing to the hh rate, we take the SM value, even though O(1) deviations are possible (see e.g. [94] ). The rates are subject to an overall QCD uncertainty of roughly a factor of 2, as discussed in Ref. [92] . [102, 103] ). The j in the legend refers to the spin of the top partner.
of Refs. [37, 38] , apply an approximate K factor of 1.4 to the gg production and annihilation rates.
The wavefunction at the origin is treated as in Refs. [90, 92] , and contributes an overall uncertainty of roughly a factor of 2 to the rates shown in Fig. 3 , as discussed in Ref. [92] . Since for scalar constituents the decays to W W , ZZ, and hh are dominated by the operator of Eq. (2), their rates are almost independent of the electric charge chosen, hence the four curves corresponding to the different electric charges are practically on top of each other for these channels. The dip in the hh plot is due to a cancellation between the four contributing diagrams (contact interaction, s-channel higgs, and t-and u-channel stop).
In Sec. IV, we presented a toy model in which a fermionic top partner can have an arbitrary electric charge. In this case, the Higgs coupling, from the second term in Eq. (20), does not lead to any new or enhanced annihilation modes for the spin-0 S-wave bound state. Indeed, for fermionic constituents this bound state is a pseudoscalar, so cannot annihilate to hh or pairs of longitudinal W or Z bosons. By explicit calculation, we find that the leading-order Zh decay mode is vanishing as well. As a result, different from the scalar case, the signals (also shown in Fig. 3 ) are the same as without the Higgs coupling. 9
For fermionic top partners, one should also consider the spin-1 S-wave bound state, which is absent in the scalar case. Despite the non-negligible dilepton branching fraction of this bound state (via an s-channel Z/γ), the signal is not necessarily easy to see because resonant QCD production of this state, from either the gg orinitial state, is impossible. Instead, as studied in Ref. [90] , there are contributions from resonant electroweak production from qq, production from gg in association with a g, γ, or Z, and deexcitation of gg-produced P -wave states. Production from gg in association with the Higgs is forbidden by charge conjugation invariance (as known for SM quarkonia [106, 107] ).
The spin-1 S-wave bound state has a suppressed dilepton branching fraction in the presence of the Higgs coupling due to an enhanced annihilation rate to Zh. When the partner mass m v, the Zh rate is independent of the Higgs coupling and given by
where ψ(0) is the bound state wave function at the origin. When m ∼ O(v), however, the rate is significantly enhanced and becomes comparable to the total annihilation rate to fermion pairs, thus leading to a non-negligible reduction of the dilepton signal relative to the case without the 9 While precision electroweak constraints on the modified Higgs couplings typically require v/f 1/3 (see e.g. [33, 105] ), and therefore top partner masses m ∼ λtf 750 GeV, we include results for lower masses for completeness. each curve, as a function of the partnerium mass M . As in Fig. 3 , the rates are subject to an overall QCD uncertainty of roughly a factor of 2. Also shown are the latest LHC limits ( 13 fb −1 ) on + − resonances from ATLAS [108] and CMS [109] . Note that these plots only hold for j = 1/2 top partners.
Higgs coupling. For example, for m = 300 GeV, Γ (TT ) 1 →Zh is larger by a factor of 13 (37) The bound-state annihilation signals computed above will in general be diluted by the intrinsic decays of the constituent particles, unless the relative intrinsic width of the constituents, Γ decay /m, is much smaller than that corresponding to bound-state annihilation, Γ ann /M . (A famous example where this condition is not satisfied is the SM top quark.) While the constituent particle width for a two-body decay via a coupling g is typically given by Γ decay /m ∼ g 2 /16π 2 ∼ 10 −2 g 2 , the annihilation rate is inversely proportional to the cube of the Bohr radius such that Γ ann /M ∼ α 2 ann α 3 s , where α ann is the coupling responsible for the annihilation. Without the Higgs coupling, the annihilation width of the spin-0 S-wave bound states is dominated by the gg contribution, i.e., or if g 1 due to an approximate symmetry, as for the Z T 2 in our models. The top partners in our scenarios generically satisfy this condition, making the bound-state annihilation signals a rather model-independent experimental probe of these frameworks. Moreover, as can be seen in Fig. 3 , despite the smallness of the bound-state cross sections, meaningful limits are already being set in the mass range motivated by naturalness.
B. Top partner pairs
We now turn to pair production of hypertwisted top partners at the LHC. Given the strong bounds on stable colored particles, for example 1.2 TeV for a color-triplet scalar with charge 2/3 [56, 57] , we assume that the top partners have an available decay mode, which requires their electric charge to differ from 2/3 by an integer. While the production cross section for colored top partners is large, their decays are model-dependent, depending on the specific way that the Z T 2 is broken. Various examples of pair-produced light colored scalars and fermions with exotic electric charges evading experimental constraints have been discussed recently in Refs. [92, 93] . Some of these (and other) decays can be realized in hypertwisted models. 
as t F →tc ortū .
These decays are almost unconstrained by the existing searches [110] [111] [112] , as shown in Fig. 6 . It is also interesting to consider the signatures of SU(2) L partners of top partners, namely hyperfolded sbottoms. A sbottom with charge −4/3, for example, can also decay as in Eq. (28) via the operator
10 Note that a leptoquark-like coupling, which is entirely possible from the non-SUSY perspective for a particle with these quantum numbers, is incompatible with Eq. (27) in the presence of a right-handed component, subject to the same bounds as Fig. 6 . Alternatively, the sbottom may decay via the operator
(where parentheses enclose SU(2) L singlets) as
We note that the 8 TeV LHC limit on pair-produced particles decaying to W j is not very constraining [113] . It is therefore plausible for the W jj decays of Eq. (31) to also be unobserved at this stage even for low masses. A recent study [93] found no constraints on this signature from re-interpretation of existing searches (intended to address completely different signatures) for masses above 240 GeV. 11 It is plausible though that a dedicated search, if performed, will have some sensitivity. The left-handed stop, which is expected to be close in mass to the sbottom and have charge −1/3 in this scenario, can decay through the operator in Eq. (30) into dijet pairs as t F →ūd, which would be consistent with existing searches as long as it is heavier than about 500 GeV [77, 114] .
We now turn to the hypertwisted composite Higgs scenarios discussed in Sec. IV and App. A. In standard composite Higgs scenarios, top partners typically decay to a W , Z, or h boson and a top or bottom quark [33] , including partners with exotic charges, which decay to W − b (for charge −4/3)
or W + t (for charge 5/3). Such decays can be seen to arise from the fermion Yukawa interactions.
In the models we consider here, however, the Yukawa interactions responsible for naturalness do not mediate such decays. As a result, other decays, depending on the details of the UV physics, may dominate.
For example, a fermionic top partner T with charge −4/3 can decay via the dimension-6 operator
(where i, j, k are flavor indices and α, β are color indices) as
The constraints on jjj decays are not yet prohibitive as long as the jets do not include b jets [115] , and there are no dedicated searches for pairs of tjj resonances. Another interesting example, again for a T with charge −4/3, is the operator
mediating the decay
which might be underconstrained. There do exist, however, relatively strong limits on the somewhat similar signature with particles decaying to τ j from the CMS search [116] .
As a final note, in the case of an exact Z T 2 symmetry the top partner could decay to a neutral Z T 2 -odd particle which can be a dark matter candidate. However, missing energy searches (e.g. [117] [118] [119] [120] [121] [122] [123] ) generically set strong bounds on that possibility.
VI. SUMMARY AND OUTLOOK
The lack of experimental clues for an extension to the SM does not imply that the electroweak hierarchy problem has gone away; rather, the puzzle of weak-scale naturalness is now more acute than ever. Already for some time, it has been necessary to reconsider the basic assumptions about weak-scale naturalness and its associated phenomenology. For example, it has recently been proposed, in radical departures from common approaches, that perhaps the underlying explanation for the hierarchy between the electroweak and Planck scales is not that it has been stabilized in the quantum theory by an underlying symmetry, but rather that it emerges as a result of cosmological dynamics or vacuum selection effects [124] [125] [126] .
While these radical departures must be taken seriously, it is still possible that reality may be more akin to conventionally-considered naturalness scenarios, with a spectrum of partner particle states within reach of the LHC. Even within these more conventional scenarios, though, there can be dramatic departures in the expected experimental signatures through relatively minor tweaks to the underlying symmetry structures. This is best seen in neutral naturalness scenarios , where top partners are inert under SU(3) C and thereby immune to the most stringent bounds on naturalness from the LHC. Thus, the experimental implications of weak-scale searches are highly sensitive to the detailed mechanism for how naturalness is achieved in the UV.
In this work, we introduced the possibility of colorful twisted top partners, which still carry SU(3) C but have exotic electric charges, and we showed how hypertwisted scenarios could be embedded in consistent UV structures. From the perspective of electroweak naturalness, the electric charges of weak-scale top partners are largely irrelevant, since the one-loop cancellation of the leading top quark divergence persists for any charge assignment. From the perspective of collider phenomenology, though, electric charges have a huge impact on the allowed decay modes of the top partners, even resulting in stable colored particles in the most exotic cases. So while the direct searches for ordinary top partners at the LHC may lead to the impression that colored top partners are close to extinction in the best-motivated mass ranges, hypertwisted top partners can still be viable due to their exotic decay phenomenology.
The most model-independent prediction of hypertwisted scenarios is the presence of partnerium bound states. Similar to (but more robustly predicted than) stoponium, top-partnerium can be produced through gluon fusion and annihilate to pairs of photons or electroweak bosons, such that searches for narrow diboson resonances will play an important role in constraining this rich class of scenarios. There are also more model-dependent possibilities that arise in hypertwisted scenarios. Search channels that are not usually associated with conventional top partners-such as pair production of top-plus-jet resonances in the scalar partner case or multibody decays from nonrenormalizable operators in the fermionic partner case-are crucial for covering the natural parameter space in hypertwisted models. Combined with the enormous datasets still to be accu-mulated by the LHC experiments, we hope these searches help expand the experimental frontier of weak-scale naturalness at the LHC.
We can expand the field Φ as
where T a G with a = 1, . . . , 4 are the broken generators (for the algebra, see e.g. [8] 
where T :
where q ≡ (t, b) and q ≡ ( q u , q d ) are SU(2) L doublets. In the above, Q contains a complete pseudo-SO(5) G multiplet split between both columns. This can be obtained by starting with two complete SO(5) G multiplets in the doublet (i.e. a full SO(5) G × SU(2) F bifundamental) and decoupling a pseudo-SO(5) G multiplet that is split across both columns, in analogy to the primed fields in Eq. (17) of Sec. IV.
The SM charges of the fields in this model are given in Table III (while the decoupled states have electric charges 2/3, 5/3, y T and y T + 1). The Yukawa interaction is as in Eq. (18) and an expansion in H/f leads to
where M q is a vector-like mass term, added to ensure that q is massive. Note that the H † H T T c interaction is a factor of 2 larger than in Eq. (20) , which has an impact on the phenomenology of the spin-1 partnerium, as seen in Fig. 4 . The qH † T c term is crucial for completing the cancellation 
The partner masses are ∼ λ t f c and ∼ M q , where either one of them could be the lightest. It is straightforward to verify that tr[M †
] is independent of s and the model is free of quadratic divergences at one loop. Finally, we note that the discussion regarding the decays of the top partner is similar to Secs. II and V B. In this appendix, we show that Higgs boson exchange has a negligible effect on partnerium bound-state production in the parameter range of interest.
In the scalar top partner case, for both right-and left-handed hyperfolded stops, the interaction in Eq. (9) produces a "higgs force" coupling of the form
with κ = λ 2 t ≈ 1.0. In the nonrelativistic limit, this gives rise to the Yukawa potential
where (see e.g. [128] [129] [130] )
v 2 m 2 ≈ 4.7 × 10 
where m is the stop mass.
In the fermionic top partner case, the interactions of Eq. (20) produce a coupling of the form
which leads to the same result as in Eqs. (B2)-(B3) (see, e.g., [131] ). With Eq. (20) itself,
which reduces to the SM λ 2 t for m m t (i.e. f v), while for the model described in App. A, Eq. (A7) gives
which reduces to 2λ 2 t in the same limit. We estimate that in the range of parameters of interest, the physics of the bound state in the combined QCD and Higgs potential, 
Even in this limit, the bound state production cross section, which is proportional to |ψ(0)| 2 ∝ α 
is enhanced only by roughly 50% for m = 200 GeV and 2% for m = 1 TeV, for κ = λ 2 t . In reality, the exponential suppression due to the Higgs mass makes this enhancement significantly smaller. Note, for instance, that in the Coulomb approximation, the RMS size of the bound state is r RMS = 3 √ 3/(2α eff m) ≈ 13/m, which is larger than 1/m h in the mass range of interest (m 1 TeV). Alternatively, note that the condition for a bound state to even exist in a Higgs-only potential [132] ,
would only be satisfied for m 1 TeV even if both the Higgs and the gluon contributions were included in α eff .
Considering that the bound-state rates are in any case subject to an uncertainty of roughly a factor of 2 [92] , we neglect the effects of Higgs exchange on the binding in the current work.
